Abstract. This paper describes the features and implementation of the Maple package POLYCON which is intended to assist the control theorist in the analysis of nonlinear dynamical systems, in continuous and discrete time. POLYCON handles systems where all nonlinearities are polynomial or rational functions. It is supposed to be accessible to non-experts and those that are not familiar with computer algebra, commutative algebra or differential algebra. POLYCON is included in the Maple Share Library and thus available by anonymous ftp.
Introduction
When discussing how constructive or how algorithmic a theory is, the following levels provide a rough classification: abstract effective efflcient usable meaning that e.g. existence of some objects is proved, but it is not clear how to construct those objects or if this is even possible. algorithms for constructing the objects discussed are given, even though these may be of small value for practical purposes, due to high complexity efficient algorithms for constructing the objects involved are given; there is a computer program that somebody knows how to run that computes the desired entities there is a computer program for computing the desired objects that is not machine dependent and that other people than its author(s) can run.
The borderline between efficient and effective is of course vague, depending on many circumstances such as available hardware etc.
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If we look at the development of commutative, differential and difference algebra in the theory of nonlinear control systems we may say roughly that much of the work by Fliess [7, 81 and some work by Sontag [25] , Glad and others cau be considered as abstract, while eflective/eficient results are e.g. those by Glad [18, 191, Diop [5, 61 , and Ollivier [23, 221. The word abstract does definitely not have a negative meaning in this context. A large part (maybe the majority) of nonlinear control systems research today is, and should be, abstract with the definitions above.
The POLYCON package, described in this paper, is intended to be one step in the direction from efficient to usable. Its theoretical basis is commutative algebra rather than differential algebra, the reason being that the constructive aspects of commutative algebra are better understood than those of differential algebra. Unfortunately, the research related to the algorithmic aspects of differential algebra is not as active as that related to Grobner bases and commutative algebra, but continuous progress is made in this field, too.
Maple [2] is one of the most widespread symbolic algebra program today, along with Mathematica. It has been available for more than ten years and its engineering applications abound. Some examples of Maple software for dealing with nonlinear control systems are [4, 26, 
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where subindices denote either time-derivatives or time-shifts and p is a polynomial. Most functions are available in a continuous time and a discrete time version; the convention is that the names of continuous time functions end in c and those of discrete time functions end in d. Most functions handle systems with several inputs.
The package is aimed at questions related to state space realizations, such as 0 retrieving external behavior from a state space description, i.e. "conversion" from a state space description ( (1) or (2)) to an input-output description ( There is also a procedure loclyap for analysis of local Lyapunov functions.
Let us also mention here that there is an application of the ss2io problem in symbolic computation that is not entirely uninteresting: if we wish to solve a system of coupled first order polynomial ode:s symbolically, i.e. determine an analytic expression for the solution, then it could be viable to eliminate all variables but one to get a closed solution for the expression in this one variable, then resubstitute etc.
Note that there are many topics in control theory that are not represented at all in POLYCON, such as controllability, optimal control and feedback. The reasons for this is that there are basically no algorithms general enough for solving these problems in the algebraic framework, to the author's knowledge. One can say that the emphasis is on analysis rather than design, mainly because analysis is simpler.. .
The Main Functions
The You can also type ?polycon to obtain general information on POLYCON.
In POLYCON time derivatives and time shifts of dependent variables are represented by subindices, as done by e.g. Ritt [24] . This means that e.g. in continuous time YO = ~( t ) , YI = y(t), 312 The largest part of the package is aimed at questions related to rational state realizations of control systems. The diagram in figure 1 summarizes the use of the different procedures in the continuous time case. In the diagram p and cp, are differential polynomials in u,y, i.e. they involve time derivatives of U and y (but not of zi). There is no function par2ssd, because it is not clear at the moment whether it is always possible to go from a rational parametrization of a hypersurface to a realization of the corresponding discrete time system.
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The procedures I z l and -1 suppose that the two systems involved are i/o-equivalent and then find the state space transformation between them.
The functions and lnavsysdl take a system in state space form and a transformation as inputs and returns the system in the new coordinates, defined by the transformation.
For a full description of all POLYCON functions we refer either to the online help texts or to the technical report [12] which is available by anonymous ftp. This report contains exactly the same information as is available online in Maple plus some source code.
The Implementation
Let us here very briefly mention something about the mathematics behind POLYCON.
POLYCON heavily relies on elimination theory for commutative rings and in particular Grobner base (gb) computations. For an introduction to the theory of gb see e.g. [3, 14, 171. All major computer &e-bra programs (Maple, Mathematica, Axiom, Reduce and Macsyma) have gb packages of varying depth and quality. The branch of mathematics dealing with gb is currently very active and a lot of progress is still made in this research area.
Grobner bases can be seen as the generalization of Gaussian elimination to systems of polynomial equations. A gb is a generating set for a polynomial ideal having some appealing properties. Most important in this context is the following elimination property, which we state without giving any details, since that would lead much too far:
Let a be an ideal in k [XI, . . . , Xn] and partition XI,. . . , X, into two disjoint sets S and T. If G is a gb for a w.r.t. a lexicographic term ordering rank-
This statement is proved in e.g. In most cases bgk cannot be applied directly to the ideals considered in POLYCON. Instead the ideals must first be extended to a ring of fractions so that they become zero-dimensional. This simply means that some of the variables are considered as parameters, i.e. the field of coefficients is extended to contain rational functions in some of the variables [13].
The theoretical background, with proofs for the correctness of the algorithms in POLYCON, is given in chapters 5 and 6 of the author's PhD-thesis [lo] , where also some source code for primitive versions of the functions is given. Related theoretical work can be found in [5, 6, 15, 18, 19, 22 
AnExample
Below is an example showing how some computations on a simple control system can be performed using POLYCON. The where 11 = $y(t), 92 = &y(t) etc. Now suppose that we have accurate measurements of the altitude 2 2 (eo that we can compute the velocity and acceleration with acceptable precision) and want to estimate the temperature 21 in the balloon. We can then use the function ob8vc to find an expression for XI in the output and its derivatives. It turns out (In fact, the observer relation is quite easy to derive by hand, in this case.) A Maple =ion for doing the computations above is showed in figure 2.
Future Extensions
The current plms for future versions of POLYCON in- As mentioned, there are many important parts of nonlinear control theory that are not covered by POLYCON, such as controllability and feedback. As the theoretical research continues, algorithms for dealing with these problems will hopefully emerge and be implemented as far as possible.
